SPLICE DIAGRAM DETERMINING SINGULARITY LINKS AND 
UNIVERSAL ABELIAN COVERS 



HELGE M0LLER PEDERSEN 



Abstract. To a rational homology sphere graph manifold one can associate 
a weighted tree invariant called splice diagram. In this article we prove a 
sufficient numerical condition on the splice diagram for a graph manifold to 
be a singularity link. We also show that if two manifolds have the same splice 
diagram, then their universal abelian covers are homeomorphic. To prove the 
last theorem we have to generalize our notions to orbifolds. 



1. Introduction 

For prime 3-manifolds M one has several decomposition theorems, like the geo- 
metric decomposition which cuts M along embedded tori and Klein bottles into 
geometric pieces, or the JSJ decomposition which cut M along embedded tori into 
simple and Seifert fibered pieces. A graph manifold is a manifold that does not 
have any hyperbolic pieces in its geometric decomposition, or equivalently only has 
Seifert fibered pieces in its JSJ decomposition. To a graph manifold one can asso- 
ciate several graph invariants, and in this paper we are going to show properties of 
one of these called the splice diagram. 

Splice diagrams were original introduced in |EN85) and |Sie80) only for manifolds 
that are integer homology spheres. Splice diagrams were then generalized to rational 
homology spheres in (NW02) and used extensively in [NW05bJ and |NW05a) . Our 
splice diagrams differs from the ones in [EN85] in that we do not allow negative 
weights on edges, and from the ones in |NW05b) . |NWQ5a) and |NWQ2j in that 
we have decorations on the nodes, but it is shown in [NWOSaj that in the case of 
singularity links their splice diagrams are the same as ours. 

Now it has long been known that the link of a isolated complex surface singularity 
is a graph manifold who has a plumbing diagram with only orientable base surfaces 
and negative definite intersection form. Grauert showed that the inverse is also true. 
It is shown in appendix 2 of |NW05aj that a rational homology sphere singularity 
link has a splice diagram without any negative decorations at nodes and has all 
edge determinants positive. We here prove the other direction to get the following 
theorem. 

Theorem 1. Let M he a rational homology sphere graph manifold with splice dia- 
gram r. Then M is a singularity link if and only ifV has no negative decorations 
at nodes and all edge determinants are positive. 

Another interesting thing in the study of 3 manifolds is knowledge of the abehan 
covers of the manifold. Since our manifolds are rational homology spheres their 
universal abelian covers are finite covers, and we show that the splice diagram of a 
manifold determines its universal abelian cover, more precisely we prove. 

Theorem 2. Let M and M' be rational homology sphere graph manifolds with the 
same splice diagram T. Then M and M' have isomorphic universal abelian covers. 
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In [2] we define our splice diagrams and prove several facts we need about them, 
among other how one gets a splice diagram from a plumbing diagram of the man- 
ifold. In [3] we show some important lemmas for our proofs, and that the splice 
diagram together with the order of the first homology group determines the decom- 
position graph of [Neu97j . In [4] we then prove the first theorem above. In [5] we 
define graph orbifolds and show some of their properties, since we need them in the 
proof of the second theorem which we prove in [6l 

The author wish to thank Walter Neumann for advice with the article. 



2. PRELIMINARIES ON SpLICE DIAGRAMS 

A splice diagram is a tree which has vertices of valence one, which we call leaves, 
and vertices of valence greater than or equal to 3, which are called nodes. The end 
of an edge adjacent to a node of the splice diagram is decorated with a non negative 
integer, and each node is decorated with either a plus or a minus sign; in general 
one only writes the minus signs. Here is an example: 




Given a rational homology sphere graph manifold M, one makes the splice dia- 
gram r(M) by taking a node for each Seifert fibered piece. Then one attaches an 
edge between two nodes if they are glued along a torus, and one adds leaves (vertex 
attached to a node along a edge) to each node, one for each singular fiber of the 
Seifert fibered piece corresponding to the node. 

The decoration dye on edge e at node v one gets by cutting the manifold along 
the torus corresponding to e, gluing a solid torus in the piece not containing the 
Seifert fibered piece corresponding to w, by identifying a meridian of the solid torus 
with the fiber of in the Seifert fibered piece and a longitude with a simple closed 
curve, which is given by the JSJ decomposition. Then the d^e is the order of the 
first homology of this new manifold. We assign if the homology is infinite. 

For the decorations on nodes, we need the following definition. 

Definition 2.1. Let Lq, Li C M he two knots in a rational homology sphere. Let 
Ci C M be a submanifold, such that dCi = diLi, for some integer di. Then the 
linking number of Lq with Li is defined to be lk(Lo,ii) = ^-^o • C*!- Where • 
denotes the intersection product in M. 

To see that lk(Lo,Li) is well defined, we need to show that if C'l C M is a 
submanifold such that dC[ = d'^Li then -j^Lq • Ci — -^Lq • C[, a Ci always 
exist since M is a rational homology sphere. Since dC[ = d[Li we have that 
d{diC[) = did[Li, in the same way we have that d{d[Ci) = did[Li. We can 
thus form a closed submanifold N = diC{ Udid'io Since M is a rational 

homology sphere then the homology class of is 0, so Lq • = 0. But then 
= Lo • A^ = io • {diC[ UdidiLo -d'lCi) = Lq • diC[ - Lq • d[Ci. Since the 
intersection product is bilinear we get the result by dividing by did[. 

To show that lk(Lo,Li) = lk(Li,Lo), we will define another notion of linking 
number to show that this is symmetric and equal to our first definition. 

Definition 2.2. Let Lq, Li C M be knots in a rational homology sphere, let X be 
a compact 4-manifold such that M — dX. Let Ao,Ai C AT be submanifolds such 
that dAi = diLi for some integers dQ,di, and such that Ai has zero intersection 
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with any 2-cycle in X. Then let lk(Lo,-Li) = ^^^o • ^i, where • denotes the 
intersection product in X. 

Ai exists since M is a rational homology sphere, and we can the choose Ai C 
M. That Aq can be chosen so that it does not intersect any closed cycles of 
X follows because a collar neighbourhood of M has zero second homology, since 
if2((0, 1] X M) ^ H2{M) = {0}, and hence we can just choose Aq C (0, 1] x M. 
To show lk(io; Li) is well defined we start by showing that if A[ C X is such that 
dA[ = d[L^ then • A, = ■ A[. We form TV = {d[A, [jd,d,L, -diA[), 

then Aq ■ N = since iV is a closed 2-cycle, and it follows that ^^^o • Ai = 
^^Aq • A[ as above. Now assume c X is such that OA'q = d'^L^ and A'q has 
zero intersection with all 2-cycles in X. To show that -j^Aq ■ A\ = -^j^Aq ■ Ai 
we can choose a Ai C X such that Ai has zero intersection with any 2-cycles, 
since changing Ai does not change lk(Lo,-^i) as just shown. Then form N' = 
(do^o Udod'Lo ~^o^o)- Now A'' is a 2-cycle and by our choice of Ai, AT • = it 
fohows that -g^Ao ■ Ai = jt^Aq ■ Ai and therefor that \k{Lo,Li) is weh defined. 

That lk(Z/0)-^i) is symmetric is clear since the intersection product of 2 dimen- 
sional submanifolds of a 4 dimensional manifold is symmetric, and that it is the 
first of the two that has zero intersection with the 2-cycles does not matter since 
we could have chosen both Aq and Ai to have zero intersection with any 2-cycles, 
making the definition symmetric. 

Proposition 2.3. lk(Lo,ii) =lk(Lo,ii) 

Proof. Wc choose Aq such that in the collar neighborhood (0, 1] x M we have that 
^0 n (0, 1] X M = (0, 1] X doLo, and we choose Ai such that Ai C M. Then we 
get that lk(Lo, ii) = d^(0, 1] x 4^0 • = ^^{1} x ^0^0 • = • Ai = 

lk(Lo,ii) □ 

Hence lk{Lo,Li) is symmetric. 

To finish the decoration of the splice diagram wc add at a node v a sign £„ 
corresponding to the sign of the hnking number of two non singular fibers in the 
Seifert fibration. So by this we can get that the sphce diagram for the Poincare 
homology sphere is the following 




6 ) 

An edge between two nodes look like 




and to such edges we assign a number called the edge determinant. 

Definition 2.4. The edge determinant D associated to a edge between nodes vq 
and Vl is defined by the following equation. 

(1) D^rori-eoeiA^oA^i- 

where A^^ is the product of all the edge weights adjacent to Vi, except the one on the 
edge between vq and Vi, ri is the edge weight adjacent to Vi on the edge between 
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vo and vi, and is the sign on the node Vi, if we interpret a plus sign as 1 and a 
minus sign as —1. 

One way of getting a spHce diagram for a manifold is from a plumbing diagram 
for the manifold. Suppose M has a plumbing diagram A(M) which we assume is in 
normal form, which means that all base surfaces are orientable and the decorations 
on strings are less that or equal to —2. This is not quite the same normal form as in 
[NeuSlj but using the plumbing calculus of that article we can get from Neumann's 
normal form to the one we use see |Neu89b) . 

We then get a splice diagram T{M) by taking one node for each node in A(D), 
i.e. a vertex with more than 3 edges or genus ^ 0. Since we are only working with 
rational homology spheres, every vertex of the plumbing diagram has genus — 0. 
Connect two nodes in r{D) if there is a string between the corresponding nodes in 
A(M), and add a leaf at a node in r(M) for each string starting at that node in 
A(M) and not ending at any node. 

If A(M) is a plumbing of a manifold we denote the intersection matrix by 
A{A{M)) and let det(A(M)) = det(-^(A(M))). 

Lemma 2.5. Let v be a node in T{M), and e be a edge on that node. We get the 
weight dye on that edge by d^e = |det(A(Mi,e))|, where M^e is the manifold which 
has plumbing diagram corresponding to the piece not containing v if one cuts A(M) 
just after v on the string corresponding to e. 

Proof. This follows since the absolute value of the determinant of the intersection 
matrix of a rational homology sphere graph manifold is the order of the first ho- 
mology group. And that the manifold M^e is the manifold corresponding to the 
manifold one gets by gluing in a solid torus to the boundary of the piece not con- 
taining V after cutting along the edge corresponding to e, by the gluing described 
above. □ 

Lemma 2.6. Let v be a node in r(M). Then the sign e at v , is e = — sign(a^t,), 
where a,u„ is the entry of A{/S.{M))^^ corresponding to the node v. 

Proof. To prove this we calculate lk(Li,,L^,) where is a nonsingular fiber at 
the w'th node and is a non singular fiber at the w'th node. Let X be the 
plumbed 4-manifold given by A(M). Then each vertex of A(M) corresponds to 
a circle bundle over a 2-manifold in the plumbing so the i'th node gives us a 2- 
cycle Ei m X , and the collection of all the EiS, generate H2(X). The intersection 
matrix A(A(M)) is the matrix representation for the intersection form on H2{X) 
in this generating set. So to construct a Aq such that it has zero intersection 
with all 2-cycles, we just need that Aq ■ Ei — for all i. Let Dy and Dyj be 
transverse disk to Ey and E^y with boundaries Ly and Lyy , if v = w choose them 
disjoint. Set Aq = det{A{M))Dy ~ det(A(M))(a„i)£'^, where aij is the ij'th 
entry of ^(A(M))"\ and choose Ai = Dy,. Then A^ ■ E^ ^ Q for all i and 
lk(L^,Lu)) = det(A(M)) ^0 ' ~ ~ dct(A(j\/)) det ( A(M) ) (at,„, )£'m ■ Dy, — — a„^, 
since E^ ■ Dyj = if z ^ w and Ey, ■ Dy, = 1. □ 

The proof here is the same as given for proposition 9.1 in |NWQ8| . 

This way of obtaining a splice diagram shows that no edge weight on a edge 
to a leaf is 0, since we assumed that our plumbing diagram is in normal form, 
especially that all weights on strings are < —2, so a weight on an edge to a leaf is 
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the determinant of a matrix on the form 
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where bu < 2, and determinants of such matrices are never 0. 

To prove the theorem we have to introduce another diagram, which we will call 
the unnormaHzed spHce diagram T{M). 

Definition 2.7. The unnormalized splice diagram T{M) is a tree, with the same 
graph structure as the splice diagram 7(-/V), but it has no signs at nodes, and the 
weights at edges are defined to be dye = det(A(Mi,e)). 

It is clear that one constructs the unnormalized splice diagram from the plumbing 
diagram in the same way as the splice diagram, except that for the weight dev on a 
edge e at the node v one does not take the absolute value of the det(A(M„e)), but 
just sets dye = det(A(M„e)), and one does not put any signs at the nodes. 

Lemma 2.8. LetT{M) be an unnormalized splice diagram of the rational homology 
sphere graph manifold M . Then T{M) has the same form as T{M) as a graph, and 
for a node v we get dye = \dye\ and Sy — sign(A(M)) J^^ sign((i„e), where the 
product is taken over all edges at v. 

Proof. That the graph has the same form and dye = \dye\ is clear from the con- 
structions. The last follows from the proof of theorem 12.2 in |NW05aj . In their 
theorem they assume negative definite intersection form, but if one looks at the 
proof one sees that for the part we need it is not necessary to assume negative 
definiteness. □ 



If we have a edge between two nodes in a unnormalized splice diagram that look 
likes this 




Then we the define the unnormalized edge determinant D associated to a edge to 
be 

(2) 5 = fori - iVoiVi 

where iV^ = 11^+= ^ij- Then it's clear that D = sign(fo) sign(ri)Z). 

We are also going to need what is called a maximal splice diagram, it is a tree 
with integer weights on edges leaving vertices. 

Definition 2.9. The maximal splice diagram of a manifold M with plumbing 
diagram A(M) has the underlying graph the graph of the plumbing diagram. On 
edges one adds decorations as in the construction of a unnormalized splice diagram 
from the plumbing diagram 5{M). 

To get a unnormalized splice diagram from a maximal splice diagram, one just 
removes the vertices of valence two and removes the decoration on edges next to 
vertices of valence one. 
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An edge in our splice diagram between nodes vq and Vi corresponds to a torus 
which the pieces corresponding to the nodes are glued along. In that torus we 
get several natural knots from the Seifert fibered structure on each side, namely a 
fiber Fi and a section Si from the fibration of the piece corresponding to Mj. We 
are going to be interested in the fiber intersection of Fq with Fi in the torus T^. We 
make the following convention, if we write Fq ■ Fi we mean the intersection product 
in T^, where is oriented as the boundary of Mq and when we write Fi ■ Fq we 
mean the intersection product in oriented as the boundary of Mi . In this way 
Fq ■ Fi = Fi ■ Fq, since we change the orientation on when we interchange Fq 
and Fi. 

Because M is a rational homology sphere, the diagram is a tree. It is then 
possible to orient the Fi's and S'i's such that the intersection number of the fibers 
Fi and Fj from the Seifert fibered pieces on each side of a separating torus is always 
positive, and so that Fi- Si — 1. It should be mentioned that Si is only well defined 
up to adding a multiply of Fi, for the case of orienting the Fi's and the Si's, it does 
not mater. 

One does this be choosing a Seifert fibered piece corresponding to a leaf and 
choose a orientation on the piece. This then gives an orientation on the fiber in 
the boundary of that piece and we the choose the right orientation of the section. 
Choose a orientation on the piece glued along the torus, such that the fiber inter- 
section number is positive, and choose the right orientation on the section. Then 
continue to do the same in the other boundary pieces of this second Seifert fibered 
piece. We can then get all the fibers and sections oriented this way, since T{M) is 
a tree. 

We will always assume our fibers and sections are oriented this way. 

3. Determine the decomposition graph from a splice diagram 

Given a graph 3 manifold M there is another graph invariant one can associate 
to the JSJ decomposition of M called the decomposition graph. We will in this 
section show that given the splice diagram of a manifold and the order of its first 
homology group, one can construct the decomposition graph of that manifold. 

The decomposition graph has one node for each Seifert fibered piece of M, and 
a edge between nodes if they arc glued by a torus. At node v one puts 2 weights, 
the first is the rational euler number and the other number is the orbifold euler 
characteristic of the base Xv^''- If the Seifert fibered piece corresponding to the 
node V has Seifert invariant M{g; (ai, . . . , (a^, then 



where Xv is the euler characteristic of the base surface. This formula is in fact 
only true for closed Seifert fibered spaces, if the space has boundary, one needs 
additional information. The additional information is a simple closed curve in each 
of the boundary components, which we get from the JSJ decomposition, by at each 
piece of the boundary take a the curve corresponding to a fiber from the other side. 
Then one closes the manifold by gluing in solid tori in the boundary pieces, l')y 
gluing a meridian to the closed curve. Finally take e{v) to be the rational euler 
number of this closed manifold. 



(3) 




and 
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One weights an edge e of the decomposition graph by the the intersection number 
in T of a nonsingular fibers of the Seifert fibrations on each side of the torus T 
corresponding to e. 

One gets the graph structure of the decomposition graph of M from the splice 
diagram T{M) of M by removing all leaves, i.e. by removing all vertices of valence 
one and the edges leading to them. It is clear that since nodes in the T{M) corre- 
sponds to Seifert fibered pieces in the JSJ-decomposition of M, and a edge between 
two nodes means there are glued along a torus, that the result has the shape of the 
decomposition graph. 

We start by given a formula for the orbifold euler characteristic 

Proposition 3.1. Let v be a node in the splice diagram T{M) of the manifold M . 
Then 

(5) xr = 2-nM + ^-L 

e 

where n{v) is the valence of v and the sum is taken over all edges leading to leaves. 

Proof. Since each leaf of the node v corresponding to the Seifert fibered piece corre- 
sponds to a singular fiber, and a singular fiber corresponds to a leaf at v, so taking 
the sum in (JH) over singular fibers is the same as taking the sum over edges at 
V leading to leaves. The negative intersection matrix —A{A{Mye)) has numbers 
6i > 2 on the diagonal and —1 adjacent to diagonal entries and elsewhere since 
e leads to a leaf. We can then diagonalize — A{A{Mye)) only by adding rows and 
columns in the following way. If the matrix is n by n we clear the 1 at the {n,n— 1) 
entry by adding — ^7— times the n'th row to the n — I'st row. Then we clear the 1 
at (n — 1, n) by adding —^7— times the n'th column to the n — I'st column. We now 
have that in the n'th row and n'th column, only the diagonal entry is now zero. 
We then proceed to clear the (n — 1, n — 2 and (n — 2, n — 1) entries the same way. 
This then continues until the matrix is diagonal. 

If we do this we get that the n'th entry of — A{A{Mye)) is [bi, . . . ,bi] which 
is the continued fraction 

(6) [6^,6^-1, ... ,61] = 6,j . 



6j-2 - • • ■ 

Then d„e = \det{A{M^e))\ = |[6„,6„_i . . . , 61] [6„_i, 6„_2, . . . , 61] • ■ • [&i]|. The con- 
tinued fraction [bi] — bi and the denominator of [6^, , 6i_i, . . . , 61] is the numer- 
ator of [bi-i, ,bi-2, ■ ■ . ,bi]. This implies that dye is equal to the numerator of 
|[6„, , . . . , It follows from corollary 5.7 in [NeuSlj that the numerator of 
[6„, 5„_i, . . . ,bi] is equal to a, where a is the first part of the Seifert invariant of 
the singular fiber corresponding to the leaf at e. So c?t,e = a since a > 0. We now 
have that 

(7) = X. - E(i - ;r ) = - + E 

e e 

where l{v) is the number of singular fibers, which is the same as the number of 
leaves at v. The base surface is a sphere since M is a rational homology sphere, so 
Xt, = 2 — r{v) where r{v) is the number of boundary components which is the same 
as the the number of edges leading to other nodes. The formula the follows since 
l{v) + r{v) = n{v). □ 



We next proves a lemma relating the fiber intersection number to the edge de- 
terminant. 
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Lemma 3.2 (Unnormalized edge determinant equation). Assume that we have an 
edge in our splice diagram between two nodes. Let T be the torus corresponding to 
the edge and p the intersection number in T of Seifert fibers from each of the sides 
ofT. Letd = det{A{M)), then 

D 

(8) P^-^ 
Proof. Let the numbers on the edge be as in 




And let Ni = H^^^i rnj for i G {0, 1}. 

Wc start by proving the formula under the additional assumption that there is 
no edge of weight adjacent to the nodes, except possibly ro and ri. 

Let Hi be a fiber at the i'th node. Let C be a simple curve which generates 
kcr(i7i(T2, Q) ^ Hi{M,, Q)) where is the piece of M gotten by cutting along 
the torus corresponding to the edge, including the piece corresponding to the node 
Vi . Since M is a rational homology sphere the Meyer Vietoris sequence gives us that 
Hi(T2,Q) ^ Hi(Mo,(Q)0Fi(Mi,Q). i?i(M,;,Q) = H,{T^,<^)/U by the long 
exact sequence and Hi{Mi/T^) = Hi{M/Mi+i) is a finite group. This implies that 
Lq and Li are linearly independent, so Lq-Li ^ 0, where • denotes the intersection 
product in T^. 

We have the following relation 

(9) aiHi = bioLo + buLi 

for some ai,biQ,bii S Z, since Lo,Li are linearly independent in i7^(r^,(Q) = (Q^ 
and hence a basis. We also note that Li ■ Li = 0. 

We now want to compute the linking numbers \k{Hi,Hj) for i,j G {0,1}. Let 
Cj C Mi be such that dCi — Li. This implies that UiHi = biodCo + budCi. Then 
one can compute lk(ili, Hj) as lk(ilj, -^{bjodCo + bj\dC\), but this is the same as 

to compute Hi • (^(&joCo + bjiCi), where • denotes the intersection number in 
M . Now Co lives in the Mq piece and Ci in the Mi piece, so when one computes 
Hq • {-^{bjoCo + bji-^Ci), it is only the Co parts that matters, since Hq is in the 
Mo piece, and therefore docs not intersect things in the Mi piece. This means we 
can compute \k{Ho,Hj) as Hq • (^^^qCo). 

has a collar neighborhood in Mq, so when we want to compute lk{Ho,Ho) 
we can assume that the push-off of one of the copies of Hq in lives in this collar 
neighborhood. Le. if the collar neighborhood is (0, 1] x T^, then the push off is 
s X Hq for some s G (0, 1]. Over the collar neighborhood Co is just (0, 1] x Lq, so 

Ho • i—booCo) = (s X Ho) • (— 6oo((0, 1] x coio)) 
ao ao 

= Ho ■ ( — 600^0) 
ao 

= — (600-^^0 + boiLi) ■ ( — 600^0) 
ao ao 

= -2''oi^'oo(-^i • -^o)- 

So we get that \k{Ho, Ho) = -^boiboo{Li ■ Lo). By a similar calculation one gets 
that \k{Ho,Hi) = ^boibio{Li ■ Lo) and ]k{Hi,Hi) = ^610600(^1 • ^o). 
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Another way to calculate the linking number of two fibers is that it's given by 
the inverse intersection matrix. More precisely, the linking number of a fiber at 
the z'th piece in a plumbing diagram A(M) of M with a fiber at the j'th piece is 
given by the negative of the (i, j)'th entry of yl(A(M))~\ where ^(A(M)) is the 
intersection matrix of the plumbing A(M), as we showed in the proof of Lemma 
12.61 By theorem 12.2 in [NWOSaj it is equal to g5t(Sp377' ^'^^^^ product 
of the weights adjacent to but not on the path from the i'th node to the j'th 
node in the splice diagram and n is the number of vertices in A(M). In their 
theorem they are calculating Uj in a maximal splice diagram, but it is clear that if 
one has calculated the maximal splice diagram from the plumbing diagram A(M), 
one gets our unnormalized splice diagram from the maximal one, by removing any 
vertices with only 2 edges and not changing any weights. So if i and j represents 
Seifert fibered pieces, then one gets the same number Uj by calculating it in our 
unnormalized splice diagram, since no vertices with only 2 edges can contribute to 
lij. 

Returning to our situation, we then get the the following equations for the linking 
numbers using the notation from above. lk(_ffo,i7o) — lk(7?i,77i) — -^^j^ 

and \k{HQ,Hi) = ■ Combining this with our other equations for the linking 
numbers we get. 

(10) ^ = ^&oi&oo(ii-io) 

(11) ^ = 4&io6ii(ii-io) 

CI Qi-j^ 

(12) = ^boihoiLi ■ Lo) 

a CLoai 



It follows from l|12p that the bij ^ 0, since iV^ 7^ by our assumptions. So we 
can divide the product of and ifTTj) by (fT2|) . this gives us. 

(13) ^ = ^5oo6ii(Li.Lo) 

a ciQai 

Let us now compute p, which is equal to Hq ■ Hi by definition, 

Hq- Hi = —{booLo + boiLi) ■ —(610^0 + ^ii^i) 
ao ai 

= {boibioLiLo + baobiiLoLi) 

ron - NaNi 



_ D 

Here we use (fT2l) . (fT3|) and the definition of D. 
We have now proved the the equality 

fco fcl 

(14) dp = ron - n "-oi n-ij 

i=i j=i 

whenever Uij ^ 0. Now this is a equation concerning minors of the negative in- 
tersection matrix —A{A{M)) of M. We want to see what happens if we vary the 
diagonal entries of —A{A{M)). We are especially interested in what happens when 
we change the entries of the diagonal corresponding to changing one of the 's. 
Let a be a entry on the diagonal of —A{A{M)) which lies in the minor noi. Replac- 
ing a with any integer b, we get a new matrix —A{A{Mb)), which is the intersection 
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matrix of the graph manifold one gets from a plumbing diagram corresponding 
to one for M with the weight corresponding to a replaced with h. For all values 
of of 6, except maybe one, is a rational homology sphere, since by computing 
d — det(A(Mf,)) by expanding by the row which include 6, one gets d — bA + B 
which has at most one solution for d = 0, because aA + B ^ 0. 

Mb has splice diagram with the same form as the one for M, in particular around 
the node we are working with it look like 





The only weights of the splice diagram of Mb which are different of the weights 
from the splice diagram of M, are no/ and ri since none of the others see the 
the entry of — AMf, which we have changed. Again tiq; = bA^i + Bqi and uqi = 
aAoi + Bqi , so Uqi = for at most one value of b. So for all but maybe two values 
of b, we have the following equation 

ko fei 

(15) dbP = r-prj - rig, uqi Y[ "ij- 

1=1 1=1 

Let Ni = YliZi noi H^li '^li- We get that = bAi + Bi and the above equation 
becomes 

(16) {bA + B)p = ro(Mi + Bi) - {bAoi + Boi)Ni. 
This is equivalent to 

(17) b{Ap - Airo + AoiNj) ^ Bp - B^ro + BoiNj. 
Since this is true for more than one value of 6, it implies that 

(18) Ap - Aim + AoiN, =Bp- Biro + B^iN, = 0. 

But this impHes that equation (fTTl) holds for any value of b. So the equation dp = D 
holds even if we change the diagonal entries of — A(M), so, in particular, it holds if 
some riij = 0. Now since we are only interested in rational homology spheres, and 
for them d ^ 0, we get that the unnormalized edge determinant equation always 
holds, by dividing by d. 

□ 

We get following corollary, just by using the relation between D and D, that 
|det(A(M))| = \Hi{M)\ and taking absolute value. 

Corollary 3.3 (Edge determinant equation). For an edge between nodes in the 
splice diagram for the rational homology sphere graph manifold M , we get the fol- 
lowing equation 

'^mki 

where p is the intersection number in the torus corresponding to the edge of a fiber 
from each of the sides of the torus, and D is the edge determinant associated to 
that edge. 

A consequence of the edge determinant equation is that no node in the spHce 
diagram can have more than one adjacent edge weight of value 0. This is because 
we know that no leaf has edge weight 0, so if we have a node with at least two 
adjacent edge weights of value 0, the edge determinant of an edge with on would 
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be Ori — sqSiONi = 0, and then the edge determinant equation implies that p = 0. 
But p = means that the fibers from each side of the torus corresponding to the 
edge have intersection number 0, but then we could extend the fibration over T^. 
So the nodes Vq and Vi correspond to one node v corresponding to a Seifert fibered 
piece, which would not be cut in the JSJ decomposition. 

Next wc need a formula for computing the rational oulor class of the Seifert 
fibered pieces of our graph manifold, using only information from the sphce diagram 
and the order of the first homology group. If we have a node in our splice diagram, 
as in Fig. 1 below, where everything to the left is leaves 




Figure 1 



we let N = 11^=1 ^3 ^iid Mi = IljLi f^ij- Then we have the following proposi- 
tion. 

Proposition 3.4. Let v be a node in a splice diagram decorated as in Fig. 1 above 
with r-i ^ Q for i ^ 1, let be the rational euler number of the Seifert fibered piece 
corresponding to v, then 



k 

_ £Si \ - EiMj . 

— "Urn it's ^ 2^ r-n ' 



where d = \Hi{M)\ and Di is the edge determinant associated to the edge between 
V and Vi . 

Proof. We start by proving a formula for e{v) using an unnormalized splice dia- 
gram, and then show that the relation between unnormalized and normalized splice 
diagram will give us the formula. 

We first assume that ri ^ and prove the formula under that hypothesis. 

Let r(M) be a non normalized splice diagram, looking like the above one. It is 
constructed from the plumbing diagram A, which look like Fig. 2 below around the 
node V. 
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-A{A) 





-1 
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. -1 . 


. -1 . 


. -1 


-1 


foil 


-1 . 


. . 


. . 


. 





-1 


bi2 ■ 


. . 


. . 


. 


-1 





. 


• &21 • 


. . 


. 


-1 





. 


. . 


• Cii . 


. 


-1 





. 


. . 


. . 


• C21 



V 



We get it the following way. If we delete the 6-weighted vertex i> G A we get / 
components on the left and k components on the right. 

If we let Bi be the negative intersection matrix of the i'th component to the left. 
It is of the form 

(bii -1 ... 0\ 



Bi 



-1 bi2 















fomi_i -1 



biaj 



Likewise we let Cj be the negative intersection matrix of the i'th component to the 
right. 

/cii -1 ... ...\ 



Ci = 



-1 Ci2 














— 1 Ci 
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We get that —A{A) has b at the An entry, then the Bi's and the Cj's are following 
along the diagonal. The first row and column has a —1 in the column/row there 
corresponds to the upper left corner of a B, or C,, and all other entries 0. 



-1 

B 



1 



-1 



-1 



-1 \ 



-A(A) = 



-1 
-1 



B, 



-1 



V 



G 



k 



J 



Wo will diagonalizc tlio matrix to compute dct(— A) = dct(— A(A)). This can 
be done by first diagonalising the matrix, except for the first row and column. To 
see how this is done we look at one of the Bi. We clear the off-diagonal term in 
the last column by adding times the last row from the second to last row, then 
we can clear the —1 at the left of the 6jo. by a symmetric argument. We have now 
cleared the off diagonal terms of the last row and column, and at the second to last 



diagonal entry we have bi, 



bia 



Since all the bij > 2 we can continue doing 



this using the last row and columns with off-diagonal entries to clear the one before 
it. By diagonalising Bi this way we only add rows and columns, and we never use 
the first row and column of Bi , this assures us that it does not change the matrix 
outside the Bi block, since the rows and columns we use have zeros outside Bi. The 
first entry of the block after diagonalising it will then be 

1 

Pi = bil ; 



bi2 - 



bi3 - 



We can also diagonalise the C^'s in the same way, by starting at the bottom right 
corner and working up, only adding rows and columns that are not the first row 
and column. We will denote the first entry of the diagonalization of C; by -a 

To get the matrix completely diagonal we have to remove the —1 in the first 
row and the first column. If —1 is in the first row corresponds to the entry /3i of 
a diagonalized Bi then we remove it by adding ^ times the i'th row to the first. 
This changes the the first entry by subtracting Similarly if the —1 corresponds 
to the entry 7j of the diagonalized Cj we let 



Ai = 7i - Cii 



1 



1 



Cj2 



Ci3- ... 

Our assumptions on the splice diagram assures the An ^ since det(Ci) = and 
An I det(Ci). We let 

1 1 



1 



Cil 



Cil 



■+Xi 



Ci2 - 



Ci3 



Ci2 - 



Ci3 
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So the change to the first entry of the matrix will be adding 

1 

6 



1 



1 



Ci2 



We then get that first entry of the diagonalised matrix is 

/ -, k 

^-E 



1 



i=l 



hi 



4=1 



1 



bi2 - 



1 



Cil 



E^^ 

4=1 



1 



Ci2 



Wis 



Ci3 



Now we know that 

I 

-e,=b-Y,- 



hi - 



E' 

j=i 



1 



Cil 



1 



Ci2 



hs - ■ ■ ■ Ci3 

by arguments of Walter Neumann in the proof of theorem 3.1 in |Neu97j . So if 

d = det(A(A)) we get that 

fc / k 

(21) d={-e,+J2^^)l[det{Bl)l[det{a) 

i—l i—1 i—1 

But we also know that rii — dei{Bi) and — det (Ci), so we get the following 
formula. 

(22) d^{-e, + Y,^,)\{n,\{n = {-e{v)+Y.^,)N\{n 



i—1 i—1 i—1 



i=l 



If we cut M along the torus just before the Seifert fibered piece corresponding to 
the node Cj, when coming from v, and glue in a solid tori, we get a graph manifold 
with a non normalized splice diagram T' corresponding to F, where we remove 
everything after Tj , so that rj becomes the weight corresponding to a leaf. And the 
plumbing diagram A' of this manifold corresponds to A with everything after Cjmj 
removed. We can now make the same calculation det(A') as above and get that 



(23) 
where 



det(A') -Pj(-e„ + ^e0^n^' 



i=l 



Pj 



= det 



/ Cil -1 

-1 Ci2 



i=l 



\ 





V ... c™,/ 

But it follows from the proof of theorem 3.1 in |Neu97) that pj is the fiber intersec- 
tion number for the edge. By definition det(A') = Sj. So by combining ([22| and 
((23)) we get that 

d SjTj - dpj 



■^3 
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by using that pj = -j by 13.21 we get 



So using this in l(22|) we get 



(24) + 

^^^^ ""'^^A^5in-=2^fc^Ss^ 

This proves the formula if ri 7^ 0. We get a new equation by multiplying both 
sides of (|27l) by HiLi 11^=2 This equation is as in the proof of unnormalized 
edge determinant equation, an equation in the minors of — A(M). By changing 
a diagonal entry b of — A(M), lying in Ci, we get that the equation becomes a 
polynomial equation in 6, which is an equality for infinity many values of b, hence 
it is an equality, so the equation holds for all value of b. We get our formula by 
dividing this equation by OiLi Yli=2 which is not by our assumption on the 

n's. 

We saw earlier that e = sign((i) Y[i=i sign(ni) ni=i sig^(''i)) S^t that -tt-fS = 

E\d\ 

\N\Ul=i\r^\- 

Using that Di = sign(ri) sign(s,i)D and Si = sign(Mi) sign(si) sign(d), we also 
get that d^^^ = \d\j^^jj^, which proves the proposition. 

□ 

From Corollary 13. 31 and Propositions 13.11 and 13.41 we get the information needed 
to make the decomposition graph. 

4. Proof of the First Main Theorem 

In last section we saw that knowing the splice diagram and the order of the 
first homology group lets us construct the decomposition graph of M. It therefore 
also lets us construct the decomposition matrix, also called the reduced plumbing 
matrix as defined in |Neu97) . By theorem 3.1 in |Neu97) we just need to show that 
the decomposition matrix is negative definite if all edge determinants are positive 
and the splice diagram has no negative decorations. 

Theorem 4.1. Let M he a rational homology sphere graph manifold, with splice 
diagram F, such that all edge determinants are positive and F has no negative 
decorations at nodes. Then M is a singularity link. 

Proof. The assumption that all edge determinants are > and we do not have 
any negative decorations at edges assures that no edge weight is 0. Because if we 
had an edge weight of 0, then it had to be on a edge between nodes, but the edge 
determinant of this edge would be Ori — EqEiNqNi = —NqNi < 0. 

Let d = \Hi{M)\. We proceed by induction in the number of nodes of F. If F 
only has one node, then M is Seifert fibered and the reduced plumbing matrix is a 
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1x1 matrix, with the rational euler number e of M as it's entry. By Proposition 
13.41 e — —d „f . But N,rk,d are all greater than by definition, and e = 1 

i lj=0 

by assumption, so e is negative. Hence the reduced plumbing matrix is negative 
definite. 

Assume that there are n nodes in T. Let w be a end node of F, meaning a node 
of the form 




such nodes always exist since F is a tree. Then the reduced plumbing matrix is of 
the form 



If we set N = H'^o -^'^ ^ Ili^o S^^ Proposition 13.41 that 



e{v) — —d 



es 



where D is the edge determinant of the edge between v and v' . This means that 
the matrix look like this 

'Ssd 1 



DN 
1 

P 









e{v') 



I 



By a row and column operation we get the matrix to the form 



DN 














ePN 
p^sd 



V ■ 



J 



' -esd ) 
. DN ) 



(e{v') + 



V 



eNd 
Ds 



1 d^ 

where the equality follows from using that = Since s,d,N are positive 

by definition and D,e are positive by assumption, the reduced plumbing matrix is 
negative definite if the matrix 



is negative definite. Now 



e{v') + 



eNd 

~d7 



d 
Ms 



Si Mi eNd eNd 



1=0 



Ds 



Ds 



d 
Ms 



EeiMi 

1=0 



e{v') 



But e(w') is the rational euler number of the Seifert fibered piece corresponding to 
v' in the manifold M' which is the manifold one gets by cutting M along the edge 
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between v and v' , and gluing in a solid tori in the piece containing v' . Then the 
matrix 

/e{v') \ 
\ J 

is the reduced plumbing matrix for the manifold M' . But since the splice diagram 
of M' is the same as F except it has a leaf instead of the node v, it only has n — 1 
nodes. Then by induction the reduced plumbing matrix of M' is negative definite, 
so the reduced plumbing matrix of M is negative definite, and then by theorem 3.1 
in ^Neu97j M is the link of a complex surface singularity. 

□ 

5. Graph orbifolds 

To prove the second main theorem we need to extend our notions and results 
about graph manifolds. The reason is, that in the proof we are doing induction 
on our graph manifold, which means we have to cut our manifold along a torus 
and glue in solid tori to get some smaller manifolds in which the statement holds 
by induction and whose universal abelian cover contribute pieces to the universal 
abelian cover of M. The problem is that we do not always get manifolds when 
we glue in the solid torus. Already in the simple case with the following plumbing 
diagram. 



-2 -2 




the spaces one gets by gluing in the solid tori if one cuts along the central edge are 
not manifolds. 

Fortunately the space we get when glue in the solid torus is not that bad, and 
is what we will call a graph orbifold, which we define as follows. 

Definition 5.1. Let M be a 3 dimensional orbifold. We call M a graph orbifold if 
there exist a collecting of disjoint smoothly embedded tori Ti C M, such that each 
connected component of Af — IJ Ti is an orbifold bundle over orbifold surfaces. 

It is clear that if a connected component oi M — [jTi is smooth, then it is a 
Seifert fibered manifold, hence if M is smooth it is a graph manifold. 

We want to define the splice diagram of a rational homology graph orbifold. But 
to do this we have to consider which homology we are going to use. Remember that 
if M is smooth then 7rJ''^(M) = nij M) whe re Trf''''{M) is the orbifold fundamental 
group defined by Thurston see e.g. |Sco83| . So in the case of smooth manifolds 
orbifold coverings and coverings are the same. We need orbifold coverings, and the 
interesting homology group is then H^^^{M), which for our purpose it is enough to 
define as the abelianization of 7t°^''{M), since it governs the abelian orbifold covers 
of M. It should be mentioned that there exists a de Rham theorem for orbifold 
cohomology with rational coefficients, which says that H*^f^{X; (Q) ~ H*{X; Q). So 
an orbifold is a rational homology sphere as an orbifold if and only if its underlying 
space is a rational homology sphere. Orbifolds also satisfies Poincare duality with 
rational coefficients. See e.g. |ALR07j for these results. 

Next we look at the decomposition of a graph orbifold M into fibered pieces. To 
have a unique decomposition we do it the following way. Start by removing a solid 
torus neighborhood of each orbifold curve Kj C Nj C M, i.e. a curve along which 
M is not a manifold. Let M' — M — UJLi then M' is a graph manifold with 
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m torus boundary components. We then take the JSJ decomposition of M' , and 
glue the A/j's back in the pieces of the JSJ decomposition of M. This give us our 
decomposition of M into fibered pieces. It is unique since the JSJ decomposition 
of M' is unique. 

To define the splice diagram T{M) of a graph orbifold M, we start by taking 
a node for each connected component of M — [J^^i Ti, where the set of comes 
from the decomposition we defined above. We then connect two nodes in r(M) if 
the corresponding connected components of M — Ti are glued along a torus. 
We add a leaf at a node for each singular fiber of the orbifold bundle over the 
orbifold surface E, this is the same as adding a leaf for each point in E which does 
not have trivial isotropy group. 

To put decorations on r(M) we do the same as in the splice diagram, except 
that where for a manifold we used the first singular homology group, we now use 
the first orbifold homology group. That is, to get decorations on a edge we cut M 
along the corresponding torus, glue in a solid torus in the same way as for manifolds 
and take the order of the first orbifold homology group of the new graph orbifold 
as the decoration, and at nodes we put the sign of the hnking number of two non 
singular fibers of the fibration corresponding to the node. 

Let us take a closer look at the orbifold curves. In any 3 dimensional orbifold M, 
an orbifold curve -fC C M is a embedding of such that there exist a neighborhood 
Nk of K and Nk — K is smooth. Now Nk can be chosen to be topological a sohd 
torus, and in this case H^'''>{Nk) = TL® TLj^TL. We call p the orbifold degree of K. 
Another way to view Nk is as a fibration over a disk with one orbifold point 
where the isotropy group is TLjalL. Then Nk is defined by a integer Q which tells 
you how much the fibers over the non orbifolds points wrap around the singular 
fiber over the orbifold point. Now if gcd(a,/3) = 1 then Nk is in fact smooth, 
and K is not a orbifold curve, l:)ut a singular fiber of the Seifert fibration in a 
neighborhood Qi K . In general a calculation shows that if iiT is a orbifold curve of 
degree p, then gcd(a, /?) = p. 

Next look at how Nk is glued to M' = M — Nk- We have a collar neighborhood 
U = (0, 1] X r2 of d{M'). The fibration of Nk ^ Dc, gives a fibration BNk -> , 
this again gives a fibration of dU which can be extended to all of U . The image of a 
meridian A^a' in dU defines a simple closed curve transverse to the fibration. By a 
meridian of Nk we mean a simple closed curve of the boundary, that is transverse 
to the fibration and has homology class of finite order in H°^^{Nk)- The fibration 
on U and the simple closed curve transverse to the boundary uniquely describe a 
way to glue in a solid torus in the boundary of U to make it an Seifert fibered 
manifold, we call this manifold Mk- Note that the gluing maps tp: dM' — > ONk 
and ip' : dM' d{S^ x D^) are the same, and it is therefore also clear that as 
topological spaces M and Mk are the same. 

Proposition 5.2. Let K C M be an orbifold curve of degree p in a rational ho- 
mology sphere orbifold M. Then \H^'-\M)\ = p\H^'-''{Mk)\. 

Proof. We get the following exact sequence from the Meyer- Vietoris sequence of 
the cover of M by M' and Nk 



by using that H{'^^{Nk) = 28 %/pTL. The zero follows since 7W is a rational 
homology sphere, hence H2'''''{M) has to be finite, and therefore have image zero in 
Z^. We hkewise get the exact sequence 



(28) 



^ ^2 ^ ^, 



Y''{M') ®%®%lpTL^ H^''\M) 



(29) 



^ Z 




{Mk) ^ 
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from the Meyer- Vietoris sequence of Mk by the cover of M' and S*^ x . Now 
i* = where the image of g is in {0} x Wj/pTL from the way we constructed 

Mk above. We have the following maps tt : H1'-\M') ®%®TLIj>TL^ R'('^{M') TL 
given by 7r(a, 6, c) = (a, h) and /, : H°''^{M) H°'^^{Mk) which is the map induced 
on orbifold homology groups, by the homeomorphism f : M ^ Mk which is the 
identity on the compliment of Nk- Note that /Ia/' : M' — > M' is the identity and 
/Ink ■ — > 5^ X induces the map from Z K/pZ to K given by (6, c) = 6, so 
we have the following map of short exact sequences 

(30) ^ ^2 — ^ HI'-^iM') ®1L®l./p7L ^ HI'-^M) . 

^ 7L^ — ^ H^-'\M') ® Z ^ Hf'^\MK) ^ 

Using the snake lemma on l|30p we get the following short exact sequence. 

(31) ^ I./p'Z ^ H°''\M) H°''\Mk) ^ 

and since this is a short exact sequence of finite abelian groups, the order of the 
group in the middle is the product of the order of the other two groups, which 
proves the theorem. □ 

Corollary 5.3. Let M be a rational homology sphere graph orbifold and M be 
its underlying topological manifold then \H°^^{M)\ = P\Hi{M)\, where P is the 
product of the degrees of all orbifold curves in M . 

We say that a edge weight r of a splice diagram sees a leaf v of that splice 
diagram if, when we delete the node which r is adjacent to, the leaf v and the edge 
which r is on are in the same connected component. 

Corollary 5.4. The splice diagram T{M) is equal to the splice diagram T{M) 
except if a edge weight sees a leaf corresponding to an orbifold curve of M it is 
multiplied by the degree of the orbifold curve. 

Proof. If an edge weight r sees a leaf then the orbifold curve corresponding to that 
leaf is in the orbifold piece whose order of the first homology group gives r. □ 

Corollary 5.5. Assume that we have an edge in our T{M) between two nodes. 
Let T be the torus corresponding to the edge and p the intersection number in T of 
non-singular fibers from each of the sides ofT. Let d = |iJj"'^(M)|, then 

where D is the edge determinant of that edge. 

Proof. Since T is in the smooth part of M, the fiber intersection number is the 
same in M and M', and hence the same in M. The equation holds in M bv 13. 3^ 
and, since each term of D sees each orbifold curve once, it holds in M. □ 

Corollary 5.6. Let v be a node in a splice diagram decorated as in Fig. 1 with 
ri ^ Q for i ^ 1, let e{v) be the rational euler number of the fibered orbifold piece 
corresponding to v, then 

(33) eiv) = -d{ + E ^) 

where d — \Hi^^{M)\ and Di is the edge determinant associated to the edge between 
V and Vi . 
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Proof. Since the rational euler number associated to the node is the same in M 
and M and the formula holds for M by 13.41 it follows by noticing that the same 
orbifold degrees show up in the numerator and the denominator. □ 

6. Proof of the Second Main Theorem 

A splice diagram for a Seifert fibered manifold M, which has Seifert invariant 
(0; . . . , {an,l3n)) look like this 




6 ) 

and bv l3.4l the sign of the rational euler number is equal to minus the sign at the node 
of the splice diagram. So from the spHce diagram, we can read off the a^'s and the 
sign of the rational euler number, but this is exactly the information that determines 
the universal abehan cover of M. By theorem 8.2 in |Neu83aj the universal abehan 
cover of M is homeomorphic to the Brieskorn complete intersection ■ • ■ > '^n) 

provided e < 0. If e > one has to compose with a orientation reversing map. The 
case e = does not occur for a rational homology Seifert fibered manifold. We will 
generaHze this this result to graph manifolds. But to do this we need to prove it 
for graph orbifolds. 

A fibered orbifold will have a splice diagram as above in the case of Seifert 
fibered manifolds, and its universal abelian cover will likewise be X^C^^Ij • ■ ■ ^'^n), 
but now it follows from the proof of the above theorem in |Neu83bj which also 
works when gcd{ai,(3i) ^ 1. 

Now this will prove the induction start in most cases but to prove it in general 
we need the following lemma. 

Lemma 6.1. Letiri : M Mi and tt2 '■ M M2 he universal abelian orbifold cov- 
ers such that deg(7ri) = deg(7r2) — d and both Mi and M2 have an orbifold curve of 
degreep. Let Lin, mi) and L{n,m2) be orbifold quotients of byTLjnTL which con- 
tain orbifold curves of degree p. Then the universal abelian cover of L{n, mi)#pMi 
is homeomorphic to L{n,m2)^pM2, where #p means taking connected sum along 
that intersects the orbifold curve of degree p, and the degree of the cover is nd/p. 

Proof. We are going to prove the lemma by constructing the universal abelian cover 
of L{n, mi)^pMi, and see it is determined by M, n, d and p. 

Let Bp C Mi be the ball with a orbifold curve of degree p passing through which 
we are going to remove to take connected sum. Let Ml — Mi — B^ and — dM[. 
■K~^{M[) — Mi is connected submanifold of M and ttiIj^ : Mi Mi is an abelian 

cover. Now tt^ restricted to a connected component of dMi is the p-fold cyclic 
branched cover of S^, hence the number of boundary components of Mi is d/p. 
So clearly Mi is homeomorphic to M with d/p balls removed, and hence does not 
depend on Mj and tt^. If we then look at Sp = d{L{n, nii) — B^) then the preimage 
under the universal abelian cover of : Lin, mi) of Lin, mi) — B^, is with 

n/p balls removed. Let M be the manifold constructed the following way. Take 
n/p copies of Mi and d/p copies of with n/p balls removed. Then glue each of 
the Mi to each of the S^'s exactly once, to form M. Since tt^ and the universal 
abelian cover map from to Lin, mi) agrees on boundary components, we get an 
abelian cover iTi: M ^ L{n, mi)^pMi of degree nd/p, by letting iti be equal to tt^ 
on each of the Mi components and to the pi on the components. 
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Using Meyer- Vietoris sequence we get that \Hi^^{L{n,iTii)^pMi)\ = nd/p hence 
TTii M — > L{n,mi)#pMi is the universal abelian cover, which proves the lemma 
since the homeomorphism type for M only depends on M, n, d and p. □ 

Remark that the above theorem is not true if we took connected sum along 
spheres with different degrees of the orbifold points, e.g L(6, 3)#3L(6, 3) has uni- 
versal abelian cover x 5'^, but the universal abelian cover of L(6, 3)#L(6, 3) has 
first homology group of rank 25. Since the splice diagram cannot see the orbifold 
curve we are going to take connected sum along, this forces us to make the as- 
sumption on our graph orbifolds in the theorem below. Alternatively one could 
make a new definition of splice diagram, where at leaves of weight zero one specifies 
the degree of the orbifold curve in the solid torus corresponding to the leaf. The 
theorem then holds for all graph orbifolds with this invariant. 

Theorem 6.2. // M and M' are two rational homology sphere graph orbifolds 
having the same splice diagram T , and assume that all solid tori corresponding to 
leaves of weight zero do not have orbifold curves. Then M is homeomorphic to M' , 
where tt : M ^ M and tt' : M' M' are the universal abelian orbifold covers. 

Proof. We will prove the theorem by inductively constructing M only using infor- 
mation from the splice diagram. 

For the case with one node, this is mostly the theorem from |Neu83a) and 
|Neu83b) cited above, since every one-node graph orbifold is a fibered orbifold, 
if we have no edge weight of 0. So we have to consider the case of a one-node splice 
diagram with a edge weight of 0. 

Let M be a orbifold with the following splice diagram 





o 

This orbifold is a connect summed along smooth S^'s with the orbifold quo- 
tients of by TLjnilL L{ni,qi), . . . , L{nk, qt), where the pair {ni,qi) is the Seifert 
invariant of the i'th singular fiber. 

One sees this the following way. The leaf with edge weight zero means that the 
fibers of the piece corresponding to the central node bounds a meridional disc in 
the solid torus Z corresponding to the leaf of weight zero. Take two fibers Fi and 
F2 and a simple path p between them in the boundary of the Z. Then the region 
B C Z bounded by all the fibers intersecting p and the meridional discs bounded 
by Fi and F2 is a ball. We can now extend B to the boundary of the soHd torus L 
corresponding to the leaf of weight n^. So by this, part of the boundary of i? is a 
annulus of fibers in dL. Now HJ B is a solid torus glued to a ball along a strip cross 
a knot which is a representative of a non trivial homology class of the boundary of 
L, and hence clearly has boundary S^. Another way to see this is that the boundary 
is an annulus union 2 discs. L[JB includes a singular fiber, hence it is not a ball, 
and therefore the S'^ is a separating sphere, and M = (HJi3)#(M — L[JB). 

What is left is just to see what i IJ i3 is. To see this we see that the complement 
of B in Z is a ball. So gluing this ball to L[JB we get the same orbifold as if we 
glued L to Z, and since Z does not have any singular fibers it is a quotient of 
with a orbifold curve with Seifert invariant {ni,qi). 

So by doing this for each of the leaves with non zero weight, we get that M is 
connected sum of the quotients L{ni, qi), . . . , Link, qk) and a central piece M' . 
What is left is to see that the central piece is . If we glue a ball in M — L[J B 
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to make the closed manifold M' , we see that M' is Z glued to a solid torus, and 
the gluing map is the same as when we glued Z io M — Z. Since the weight of 
the leaf corresponding to Z was zero, it implies that a fiber of — d{M ~ Z) is 
a generator of i?i(T^) and is glued to a meridian of Z and a simple closed curve c 
corresponding to the other generator is glued to a longitude of Z . This is because 
that is how one specifies the gluing of Z to a solid torus to get the decoration of the 
splice diagram, the glued manifold here being x S'^ since the weight is zero. But 
gluing two solid tori according to the gluing of M and Z described above creates a 



To show that the universal abelian cover of M is determined by the splice di- 
agram, we do induction in the number of S'^ quotients in M, i.e. the number of 
leaves of the splice diagram of M. If there is only one S'^ quotient, then connect 
sum L{n,q) is just L{n,q), so the universal abelian cover of M is just and the 
covering map has degree n, hence determined by the splice diagram. 

Let M' be the connected sum of with L{ni, qi), . . . , L{nk-i, qk-i)- Then M' 
has splice diagram as follows 



So by induction the universal abelian cover M' of AI' and the degree for this 
universal abelian cover d is determined by the splice diagram. We also have that 
M = L{nk, qk)#M' so by Lemma lGTTl the universal abelian cover of Af is determined 
by M', Uk and the degree of the cover M' M' (remember in this case p = 1). 
But all this information is given by the splice diagram, since the splice diagram of 
M' is determined by the splice diagram of M . 

This completes the one node case. For more than one node we will reduce our 
case to one with fewer nodes by cutting along a torus in M corresponding to an 
edge joining two nodes in F. This is more complicated than when we cut along a 
sphere since what we cut along is now not simply covered once by itself, but may 
be multiply covered, and the gluing of 2-torus boundary components is not trivial 
as it is with 2-spheres. 

Let us assume that M has splice diagram T with n > 1 nodes. We look at a 
edge between two nodes of the form 



Let C M be the separating torus, corresponding to the edge we have chosen. 
Let M° C M — be the connected component containing the node Vi, and let 
Mi = M° U . Mq and Mi are graph orbifolds with one boundary torus each. 
7r|7r-i(Mi)- T^~^{Mi) Mi is a (possibly disconnected) abelian covering. Let Mi C 
TT~^{Mi) be a connected component. Then 7r|^ : Mi —> Mi is a connected abehan 
covering. 

To describe the covering tt | : Mi Mi we are going to construct a closed graph 
orbifold M^', with Mi C M[, such that if p: M[ M[ is the universal abelian cover, 
then p|p-i(Mi) : P^^[Mi) — > Mi is equal to 7r|^ : Mi Mi, i.e.. Mi = p^^{Mi) and 
the maps p\^. and 7r|^ agree. 

We first look at Mq. We will construct it from Mq by gluing a solid torus in the 
boundary of Mq, in a way we will now explain. Now Mq has splice diagram 
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Vor' 



■o 



where every weight on the left is as in the splice diagram of M if it does not see the 
edge we are cutting along. We want to determine Tq and the other weights that see 
the edge we are cutting along so that the universal abelian cover has the desired 
properties. 

To determine Mo we use that the components of a non connected abelian cover 
are determined by the map from H°^'' of the base space to the abelian group 
which determines the non connected cover. So in our case AIq is determined by 
HI^'^M^) HI-'^iM). One makes by gluing in a solid torus with a orbifold 
curve of degreep such that the generator of ker {H^'^^ {Mq) — > H^^^{M)^ is the curve 
that get killed, i.e. ker {H°'-'>{Mo) H°'-''{M)) = ker {H°'-''{Mo) -> iJr^(M^)) , by 
gluing the primitive element a such that (pa) ~ ker (^H°^^ (Mq) H"^''{M)^ to a 
meridian of the solid torus with a orbifold curve of degree p and a simple closed 
curve with intersection 1 with the generator to a longitude. This ensures that Mq 
embeds into the universal abehan cover of Mq. We also gets that 

i/i(M^) = Im {Hr\Mo) ^ H1'-\M'^)) = H^'W/^er (H^'iMo) ^ H^'iAQ) 

= iJr^(A/o)/ker {H°''\Mo) ^ HI''\M)) = Im {H°''\Mo) -> iJr^(Af)). 

This last fact is what we want to use to find the splice diagram of Mq, so we need 
to determine Im {H1''^{Mq) H1''^{M)). 

We first determine ker(7Jf''^(Mo) H1'^^{M)), by looking at the Meyer Vietoris 
sequence of the covering of M by Mq and Mi . 

(34) > H°'-\M) Hi{T^) ^ HI'-^Ma) ® H°'-''{Mi) Hi{M) . . . 

Since we have Poincare duality with rational coefficients, it follows that H2^''{M) is 
finite, so ff^T^) = Z©Z injects into H°'-\Mq)®H1'-\Mi). Hence ker(i?°'~''(Mo) ^ 
H{''^{M)) is equal to the intersection of H^''\Mq) with Z ® Z, by using again that 
the rational homology of Mq is just as the rational homology of manifold, it fol- 
lows that i/r^(Mo) is rank one. Therefore ker(i7i°'^''(Mo) ^ H'['''{M)) = TL and is 
generated by a class in the boundary of Mq. 

Let Qa G Hi{Mq) be a representative of the homology class of a section of the 
fibration of T^, and let Fq £ Hi (Mq) be a representative of the class of the fibers of 
the Seifert fibered piece corresponding to the node in Mq. Then some homology 
class given by t'qQq + sqFq is the class that gets killed when we glue in Mi, so 
it represents the generator of ker(i?f'''(Afo) ^ H^''''{M)). 

We have that \Hi^^{Mi)/{Fq)\ ~ tq by the definition of splice diagram, since 
H°-''{Mi)/(Fq} = H1^\Mi/Fq). Let \H1^\Mi) / {Fq,Qq)\ = di. Then, since 
H°''\Mi)/{Fq,Qq) = HJ^HMiJd), di is equal to the ideal generator defined by 
Neumann and Wahl in [NWOSaj . which is an invariant of the splice diagram. This 
is their theorem 12.9, whose proof also works for graph orbifolds. This implies that 
the order of Qo in i?r''(Mi)/(Fo) is ro/di. Since t'qQq + sqFq in H^'-''{Mi) we 
get that r'^Qo = in H<l'-\Mi) / {Fq) , so t'q \ ro/di. 

We also have the following map of exact sequences 



^ Z(i^o) ^ HI'-^Mi) 



orb 



t 



^ Z{Fo) -^{TLx %)/{r'QQQ + sqFq) 



s/W) 
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since the left map is an isomorphism and middle map is injective, it follows that 
the right map is injective too, hence Tq — ro/di. Also note that H°^^{Mi,d) = 
H^'-''{M,Mo) = i7i°'-''(M)/Im(i/i°''''(Mo) ^ H1''^{M)), so by taking the order of 
the groups, we get that di = d/|Im {H1-'\Mq) i?f''(M)) |, and since i/{"^^(M^) = 
Im (7Ji°'-^(Mo) ^ HI'-^iM)), one gets that |i/r''(^^o)l = d/di. 

Now for the other edge weights which see the edge we are cutting along, we start 
by determining the edge weight on an edge which connects to our chosen node. 
Since the fiber intersection number corresponding to the edge is the same in M and 
Mq, we get bv 13.21 the following equations 

(35) 1^1 ^ l^^l 

where D is the edge determinant corresponding to the edge in M and D' the edge 
determinant corresponding to the edge in M'. Since |77S"'''(Af^)| = \H1'^^{M)\/ di by 
the above calculation, we get that \D'\ — \D\/di. Since Tq = ro/di, the definition 
of edge determinants now gives that the changed edge weight on the edge we are 
looking at has also been divided by di . Continuing inductively we see that all edge 
weight that sees the edge are divided by di. 

Note that if the curve we kill when we glue in the solid torus in Mq is a multiple 
of a primitive element, then we get a orbifold curve in the glued in torus. Now this 
is not a problem if the weight on the edge is non zero, so let us consider the case 
when the edge weight rg = 0. The curve we kill is the curve that bounds in Mi, 
but To = implies that a fiber in dM^ bounds in Mi, so the curve we kill is a fiber. 
But fibers are primitive elements, so we do not get a orbifold curve in this case. 
This insures that M{ satisfies the hypothesis of the theorem. 

By a similar argument r'-y = ri/do where do = \H°'^^{MQ,d)\ — |-ffi(Af, Mi)|. 

All this implies that the splice diagram Fq of A/q look likes 




and the splice diagram Fi for M[ is 



ri/doVi 




Where all edge weights which see the cut edge are gotten from the old weight by 
dividing by di in the first case and do in the second case. 

Since do and di are the ideal generators defined in 12.8 of |NW05a| . they are 
completely determined by F, since they are generators of ideals defined by numbers 
coming from the decorations of F. Now the splice diagrams Fo and Fi have at most 
n — 1 nodes each, since we get them by removing at least one node of F, hence by in- 
duction Mq is determined by Fo and M{ are determined by Fi. Since Fo and Fi are 
determined by F, this implies that Mq and M[ are determined by F, and therefore 
by the construction of Mq and Af{, we have that Mq and Afi is determined by F. 
Next we want to see that the splice diagram determines the number of components 
of 7r~^(MQ) and 7r~^(Mi) and which components are glued to which. The group of 
permutations of the components of 7r~i(Mi) is given by Hl'^^{M) / lm.{H{'^^{Mi) 
HI'-^iM)). But H1'-\M)/lm^{H1'-^{Mi) H°'-'>{M)) = H"'"'' {M , Mi) , so the num- 
ber of components of TT~^{Mi) is the order of H°^^{AI, Mi), which we have seen 
before is di, and only depends on the splice diagram. 
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To see which components are glued together, we notice that all these gluings are 
along tori in n~-^{T^), so the gluing are specified by the group of permutations of the 
components ofir^^T^). So we look at H^'-''{M)/ lm{H^'-''{T^) i?i(M)), which is 
the same as H1''\M,T'^). By excision this is H^''\M/T^). Now M/T^ = Mi/T^V 
M2/T2, so the group of permutations of Tr-'^{T^), is given by if{"'^(Mi, T^) ® 
Hi^^{Al2,T'^). Since the group of permutations of the tori is just the product of 
the permutations of the group of permutations of the components of each sides, it 
follows that a component on the one side is glued to each component on the other 
side exactly once. 

The last last thing to see is that the gluing of a component of 7r^^(Mo) to a 
component of 7r~^(Mi) is specified by the splice diagram. Let Mq and Mi be 
components on each of the sides. To specify the gluing, we show that the splice 
diagram determines two distinct essential curves up to homotopy in each component 
Tgj of dMo and in each components T^j of dMi . The curves are the same in each 
of the Tqj's and likewise in each of the T^^'s. If the curves in Tq^ are called Fq, Cq 
and in the curves are Fi , Ci , then when a Tq^ is glued to a T^j , Fq is identified 
with Ci jmd Cq J^^ identified with Fi. 

Now Mq and Mi are the total spaces of graph orbifolds with boundary completely 
determined by F, hence we have naturally defined fibers Fi by the restriction of 
TT~^{Fi), where Fi are fibers in the boundary of Mi. So these fibers are going to be 
one of our curves on each side. The other curve in T,^. is then the curve the fiber 
from the other side are going to be identified with. So we need to find this curve. 

Let Ni C Mi be the Seifert fibered piece sitting over the fibered piece of 
Ni C Mi corresponding to the node Vi. Now Ni is a piece of the JSJ decomposition 
of M and therefore has a rational euler number e^. This is the rational euler 
number of the closed Seifert fibered manifold one gets by gluing solid tori in dNi, 
specified by the gluings of Ni to the other pieces of the JSJ decomposition as 
described in beginning of Section [3l We are going compute , and then use this to 
specify the other curve in each T^j. To do this we can assume by induction, that 
a simple closed curve transverse to the fibration is determined in all the boundary 
component of Ni except the boundary components lying over the edge between vq 
and vi are specified. But the fibers and the simple closed curves in all the boundary 
components lying over the edge between vq and vi, will be the same. Since we know 
Fi the rational euler number of Ni determines a simple closed curve transverse 
to the fibration in each of the boundary components of Mi . 

To compute cq we will use the relation between eo and the rational euler number 
of the fibered piece in the base A^o, i-e., the Cyg. This relation is given by theorem 
3.3 of |JN83| . and give in our situation that eg = ^^vo, where 60 is the degree of 
the covering map restricted to the base of the Seifert fibered pieces and /q is the 
degree of tt restricted to the fibers. Now deg(7r|^^) = 60/0 and deg(7r|j^J = ^ 
since do is the number of component of 7r^^(Mo). This implies that cq = -j^evQ. 

To calculate /o notice that /o = \lm{H'^''''{Fo) H'^''''{M))\, and since 

\H°''''{M)/lm{H°''''{Fo) ^ H°'-\Mj)\ = \H°''\M)\/\lm{H°''''{Fo) i?f^(A/))| 

we get that /o = \H°'-''{M)\/\H°'-''{M)/ lm{H°'-''{FQ) H°'-^{M))\, so we want to 
calculate |7?i°'-''(M)/ Im(i/f' ''(Fq) ^i?r^(M))|. 

Now i7i°'-''(M)/Ini(iJi°''^(Fo) ^ H'['''{M)) is is the same as HI''''{M,Fq) = 
H^^''{M/Fo), so we need to find \H^'''>{M/ Fo)\. M/Fq is M with the fibers col- 
lapsed at the piece A^o; this is the same as gluing in disks in the fibers of A^o- 
This then implies that we glue a disk to a simple closed curve transverse to the 
fibration of all the S'^-fibered pieces glued to Nq along a torus. This implies that 
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Hf''''{M/Fo) = (^1 XA2 X ■■■Ako X G)/ {ai,a2,...,aka,g), where the group Aj is 
the first orbifold homology group of the graph orbifold one gets by cutting along 
a torus corresponding to the Oj'th edge between the Nq and the j'th piece and 
gluing in a solid torus. In particular \Aj \ — noj. The group G is the first orbifold 
homology group one gets by cutting along the edge between vq and vi and gluing 
in a solid torus in the part not containing vq. Hence \G\ = tq. The aj G Aj are 
the elements that corresponds to the singular fibers over the disk we just glued in; 
in particular Aj/{aj) is the first orbifold homology group of M with everything 
except the part across the edge Oj collapsed. Thus \Aj/{aj) \ is the ideal generator 
doj corresponding to the edge Oj. The same holds for g and G, especially that 
\G/{g)\^d,. 

If none of the Aj and G is infinite, i.e., noj,ro ^ 0, then |i/°''''(M/i^o)| = 
(^on^=o"oi)/lcm(noi/doi, . . . , J^ofco/^ofeo: ^o/t^i)- Assume that Ai is infinite, then 
all the other groups are finite, and we have the following exact sequence 

ko 

^ G xllA, ^ (A, X ■ ■ ■ Ak, X G)/ (ai, . . . , ako,g) All (ai) 

where the [Ai x ■ ■ ■ Akg x G) / {ai, . . . ,ak, g) — > Ai/{ai) map is projection, and 
^11^=1 is the kernel of this map. This implies that in this case \H°'^''{M/ Fq)] = 

rfoi'^o 11^=1 "Oj- If G is infinite we in the same way get that that \Hl'^^ {M j Fq)\ = 

di YljLi "-Oj- In all cases we see that \Hi^'' {M / Fo)\ = Ao only depends on the splice 
diagram, since the ideal generators only depends on the splice diagram. 

So now we get that /o = \H'^'-''iM)\/\H'^-\M/Fo)\ = hence eo = ^e,„. 
But the value of is given by proposition 15. 6[ and the formula given there shows 
that e„Q is d times a number given by the splice diagram, hence j^ey^ is ^ times 
a number only depending on F, hence cq only depends on F. We can in the same 
way calculate ei and see that it also only depends on F. This implies that the splice 
diagram specifies a simple closed curve Ci transverse to the fibration of the T^j's, 
which in particular is not null homologous. 

Now the gluing of Mq to Mi is specified by identifying Fq with Gi and Fi with 
Gq. But since the F^'s and the G^'s are determined by F, the gluing is determined 
by F, and hence M is determined by F. □ 

Corollary 6.3. Let M he a rational homology sphere graph manifold with splice 
diagram F(M), such that around any node in F(A/) the edge weights are pairwise 
coprime, then the universal abelian cover of M is an integer homology sphere. 

Proof. It is shown in |EN85) that a splice diagram with pairwise coprime edge 
weights at nodes is the splice diagram for an integer homology sphere. So given 
a splice diagram satisfying the assumption there is a integer homology sphere M' 
with splice diagram F(M), hence M' is the universal abelian cover of M bv l6.2l □ 

This actually gives a way to construct the universal abelian cover for any rational 
homology sphere graph manifold that has a splice diagram with pairwise coprime 
edge weights at nodes, since |EN85| describes how to construct the integral homol- 
ogy sphere by splicing, and to construct a plumbing diagram for it in the case where 
we have positive decorations at nodes. If we want a construction of the plumbing 
diagram in the case with negative decorations at nodes it follows from theorem 
3.1 in |Neu89a) which give us that given a splice diagram F(M) as above, one can 
construct an unimodular tree A(M), which will be the plumbing diagram. 
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